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This paper is concerned with the *edge-isoperimetric problem* (EIP) in the triangular lattice$$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {C}}_n$$\end{document}$ consists in characterizing the solutions to the minimum problem:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \theta _n:=\min _{C_n\in {\mathcal {C}}_n} |\Theta (C_n)|. \end{aligned}$$\end{document}$$Our main aim is to provide a characterization of the minimizers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_n$$\end{document}$ of ([2](#Equ2){ref-type=""}) as extremizers of a suitable isoperimetric inequality (see Theorem [1.1](#FPar1){ref-type="sec"}) and to show that there exists a *hexagonal Wulff shape* in $\documentclass[12pt]{minimal}
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                \begin{document}$$M_n$$\end{document}$ differs by at most$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} K_t\, n^{3/4}+\mathrm{o}(n^{3/4}) \end{aligned}$$\end{document}$$points (see Theorem [1.2](#FPar2){ref-type="sec"}). A crucial issue of our analysis is that both the exponent and the constant in front of the leading term in ([3](#Equ3){ref-type=""}) are explicitly determined and optimal (see Theorem [1.4](#FPar4){ref-type="sec"}).

The EIP is a classical combinatorial problem. We refer to Bezrukov ([@CR2]), Harper ([@CR10]) for the description of this problem in various settings and for a review of the corresponding results available in the literature. The importance of the EIP is however not only theoretical, since the edge perimeter (and similar notions) bears relevance in problems from *machine learning*, such as classification and clustering (see Trillos and Slepcev [@CR18] and references therein). Note, however, that in this other more statistical setting the edge perimeter is not defined for configurations contained in a specific lattice, but for point clouds obtained as random samples.

We shall emphasize the link between the EIP and the *Crystallization Problem* (CP). For this reason, we will often refer to the sets $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {L}}_t$$\end{document}$ and to minimal configurations as *ground states*. The CP consists in analytically explaining why particles at low temperature arrange in periodic lattices by proving that the minima of a suitable *configurational energy* are subsets of a regular lattice. At low temperatures, particle interactions are expected to be essentially determined by particle positions. In this classical setting, all available CP results in the literature with respect to a finite number *n* of particles are in two dimensions for a phenomenological energy *E* defined from $\documentclass[12pt]{minimal}
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In view of the isoperimetric characterization of the ground states provided by Theorem [1.1](#FPar1){ref-type="sec"}, we are able to sharply estimate the *distance* of $\documentclass[12pt]{minimal}
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Theorem 1.2 {#FPar2}
-----------
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The proof of Theorem [1.2](#FPar2){ref-type="sec"} is based on the isoperimetric characterization of the minimizers provided by Theorem [1.1](#FPar1){ref-type="sec"} and relies in a fundamental way on the maximality of the radius $\documentclass[12pt]{minimal}
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Corollary 1.3 {#FPar3}
-------------
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We observe that in view also of Theorem [1.1](#FPar1){ref-type="sec"} estimates ([15](#Equ15){ref-type=""}) -- ([18](#Equ18){ref-type=""}) and ([20](#Equ20){ref-type=""}) provide a measure in different topologies of the fluctuation of the isoperimetric configurations in $\documentclass[12pt]{minimal}
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Besides the completely independent method, the main achievement of this paper with respect to Au Yeung et al. ([@CR1]), Schmidt ([@CR16]) is that of sharply estimating the constant $\documentclass[12pt]{minimal}
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Theorem 1.4 {#FPar4}
-----------
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Finally, we notice that our method appears to be implementable in other settings possibly including three-body interactions. This is done for the crystallization problem in the hexagonal lattice $\documentclass[12pt]{minimal}
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The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we introduce the notions of area *A* and perimeter *P* of configurations $\documentclass[12pt]{minimal}
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Isoperimetric Inequality {#Sec2}
========================

In this section, we introduce the notion of area and perimeter of a configuration in $\documentclass[12pt]{minimal}
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In order to introduce the perimeter of a configuration in $\documentclass[12pt]{minimal}
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Proposition 2.1 {#FPar5}
---------------
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Proof {#FPar7}
-----
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We notice that from ([34](#Equ34){ref-type=""}),([35](#Equ35){ref-type=""}), and ([36](#Equ36){ref-type=""}) we also recover ([28](#Equ28){ref-type=""}), which in turn, together with ([37](#Equ37){ref-type=""}), yields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E(C_n)=-\frac{3}{2}A(C_n)-\frac{1}{4}|\Theta (C_n)| + \frac{3}{2}|C_n^{0}| \end{aligned}$$\end{document}$$for every configuration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_n$$\end{document}$. Moreover, from the equality$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{i=0}^3 |C_n^{i}|=n, \end{aligned}$$\end{document}$$([35](#Equ35){ref-type=""}), and ([36](#Equ36){ref-type=""}) it follows that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A(C_n)=2n -2|C^{0}_n| -P(C_n). \end{aligned}$$\end{document}$$Note that in particular if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_n=D_n$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _{C_n}(x)=\omega (x)$$\end{document}$. Furthermore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_n^{0}=\{x_{\tau (1)}\}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_n^{1}=\{x_{\tau (2)}\}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_n^{2}=\Omega _2\cap D_n$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_n^{3}=\Omega _3\cap D_n$$\end{document}$. Therefore, ([34](#Equ34){ref-type=""})--([42](#Equ42){ref-type=""}) yield$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E(D_n)&=-1-2|\Omega _2\cap D_n|-3|\Omega _3\cap D_n|, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A(D_n)&=|\Omega _2\cap D_n|+2|\Omega _3\cap D_n|, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} P(D_n)&=2+|\Omega _2\cap D_n|, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |\Theta (D_n)|&=10+2|\Omega _2\cap D_n|, \end{aligned}$$\end{document}$$and by ([42](#Equ42){ref-type=""}) and ([43](#Equ43){ref-type=""}) we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E(D_n)=-\frac{3}{2}A(D_n)-\frac{1}{4}|\Theta (D_n)| + \frac{3}{2}, \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A(D_n)=2n -2-P(D_n) \end{aligned}$$\end{document}$$for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n>1$$\end{document}$.

Proposition 2.3 {#FPar8}
---------------

The following assertions are equivalent and hold true for every connected configuration $\documentclass[12pt]{minimal}
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Proof {#FPar9}
-----

The first assertion follows directly from ([30](#Equ30){ref-type=""}) and is equivalent to the second by ([36](#Equ36){ref-type=""}) and ([37](#Equ37){ref-type=""}). The second assertion is equivalent to the third by ([29](#Equ29){ref-type=""}) and ([30](#Equ30){ref-type=""}). $\documentclass[12pt]{minimal}
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Proof of Theorem [1.1](#FPar1){ref-type="sec"} {#Sec3}
----------------------------------------------

In this subsection, we prove Theorem [1.1](#FPar1){ref-type="sec"} by characterizing the minimizers of EIP as the solutions of a discrete isoperimetric problem. We proceed in two steps.
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*Step 2* We prove the characterization statement of Theorem [1.1](#FPar1){ref-type="sec"}. Let $\documentclass[12pt]{minimal}
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Proposition 3.5 {#FPar17}
---------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}$$\end{document}$ be the family of the configurations that can be seen as translations in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {L}}_t$$\end{document}$ of the daisy configuration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_{1 +3s + 3s^2}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s:=r_{M_n}+1$$\end{document}$ and that are contained in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{r_{M_n}}\cup R$$\end{document}$, i.e.,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {H}}:=\{H\subset H_{r_{M_n}}\cup R \,:\, H=D_{1 +3s + 3s^2}+q \text { for } s:=r_{M_n}+1 \text { and some } q\in {\mathcal {L}}_t\}. \end{aligned}$$\end{document}$$Then there holds$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |R\setminus M_n|\ge |{\mathcal {H}}|. \end{aligned}$$\end{document}$$

Proof {#FPar18}
-----
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-----
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Proof {#FPar22}
-----
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Proof of Corollary 1.3 {#FPar23}
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Convergence to the Wulff Shape {#Sec5}
==============================
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Proof of Theorem [1.2](#FPar2){ref-type="sec"} {#Sec6}
----------------------------------------------

In this subsection, we prove Theorem [1.2](#FPar2){ref-type="sec"}.
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By combining ([75](#Equ75){ref-type=""}) with ([78](#Equ78){ref-type=""}), we obtain that$$\documentclass[12pt]{minimal}
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*Step 2* Assertions ([15](#Equ15){ref-type=""})--([18](#Equ18){ref-type=""}) directly follow from ([24](#Equ24){ref-type=""}), ([75](#Equ75){ref-type=""}), and ([80](#Equ80){ref-type=""}) since by ([70](#Equ70){ref-type=""}) and ([73](#Equ73){ref-type=""}) a direct computation shows that$$\documentclass[12pt]{minimal}
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We remark that an alternative approach to the one adopted in Theorem [1.2](#FPar2){ref-type="sec"} is that of defining a unique *n*-configurational Wulff shape $\documentclass[12pt]{minimal}
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Proof of Theorem [1.4](#FPar4){ref-type="sec"} {#Sec7}
----------------------------------------------

In this subsection, we prove that the estimates ([15](#Equ15){ref-type=""})--([17](#Equ17){ref-type=""}) are sharp.
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